Abstract. We define monodromy maps for tropical Dolbeault cohomology of algebraic varieties over non-Archimedean fields. We propose a conjecture of Hodge isomorphisms via monodromy maps, and provide some evidence.
Introduction
Let K be a complete non-Archimedean field. For an algebraic variety X over K, one has the associated K-analytic space X an in the sense of Berkovich [Ber93] . Using a bicomplex A
•,•
X an of R-sheaves of real forms on X an concentrated in the first quadrant, constructed by Chambert-Loir and Ducros [CLD12] , one can define, analogous to complex manifolds, Dolbeault cohomology groups H p,q trop (X). We call them tropical Dolbeault cohomology. They are real vector spaces satisfying H p,q trop (X) = 0 only when 0 ≤ p, q ≤ dim X. In this article, we consider a natural question, motivated from complex geometry, about the Hodge isomorphism: Do we have H p,q trop (X) ≃ H q,p trop (X)? However, the perspective we take is very different from complex geometry. In fact, we will construct for p ≥ 1 and q ≥ 0 a functorial map The theorem below provides certain evidence toward our expected Hodge isomorphism. The proof uses arithmetic geometry, especially the weight spectral sequence. The method is restrictive in the sense that any further extension would seem to be relied on the monodromy-weight conjecture in the mixed characteristic case, among other difficulties. Therefore, it is very interesting and important to find a somewhat analytic proof of the results here. However, the situation is rather subtle since we know for some field K, such as the completed algebraic closure of C((t)), the map N X : H In this article, by a non-Archimedean field, we mean a complete topological field equipped with a nontrivial rank-1 non-Archimedean valuation. For a non-Archimedean field K, we denote by K (1) In his thesis, Jell proved that for a proper smooth scheme X over K of dimension n, the map N In [MZ13] , Mikhalkin and Zharkov study the tropical homology groups H p,q (X) of a tropical space X. Assuming X compact, they define a map φ∩ : H p,q (X) ⊗ R → H p+1,q−1 (X) ⊗ R using their eigenwave φ. In fact, as shown in [JSS15] , one can compute the tropical homology H p,q (X) ⊗ R, or rather the tropical cohomology, via superforms in [CLD12] as well. Then our construction in §2 would give rise to a map N X : H p,q (X) ⊗ R → H p+1,q−1 (X) ⊗ R (or rather on cohomology) for any tropical space X. We expect that N X and φ∩ should coincide when X is compact, possibly up to an elementary factor.
Moreover, in [MZ13] , the authors prove that when X is a realizable smooth compact tropical space, the iterated map φ q−p ∩ : H p,q (X) ⊗ R → H q,p (X) ⊗ R is an isomorphism. They first realize X as the tropical limit of a complex projective one-parameter semistable degeneration X such that all strata of the singular fiber X 0 are blow-ups of projective spaces. By the work [IKMZ16] , one knows that H p,q (X) ⊗ Q can be identified with E 2 -terms of the Steenbrink-Illusie spectral sequence associated to X . Moreover, Mikhalkin and Zharkov show that under such identification, the map φ∩ is simply the monodromy map on E 2 -terms. In our work, X is a proper smooth 1 algebraic variety and we relate our tropical Dolbeault cohomology H p,q trop (X) to E 2 -terms of the weight spectral sequence of (various) semistable alteration X of X (see Definition 5.4 for the precise meaning) for certain p, q, under which N X is essentially the monodromy map. In our setup, the semistable scheme X is very general, so that its E 2 -terms cannot be read off solely from the dual complex of X , hence we do not obtain a strict identification for general p, q. Nevertheless, it would be interesting to compare our approach relating to the weight spectral sequence and their approach relating to the Steenbrink-Illusie spectral sequence in [MZ13, IKMZ16] . Acknowledgements. The author would like to thank Walter Gubler, Philipp Jell, and Klaus Künnemann for helpful discussions and their hospitality during his visit at Universität Regensburg. He would also like to thank Erwan Brugallé and Philipp Jell for drawing his attention to the work of Mikhalkin and Zharkov [MZ13] .
Monodromy maps for superforms on vector spaces
In this section, we review the construction of superforms on vector spaces from [CLD12] and introduce the corresponding monodromy map.
Let V be an R-vector space of dimension n. Let T V be the tangent space of V and T * V its dual space. For every open subset U of V and integers p, q ≥ 0, we have the space of
is the R-algebra of smooth functions on U. The direct sum A * , * V (U) := A p,q V (U) form a bigraded R-algebra with the following commutativity law: if ω is a (p, q)-
is simply the one induced by the tensor product map.
1 It is worth noting that the tropicalization of a smooth analytic space, such as X an , under a local tropical chart is in general not a smooth tropical space.
The real vector spaces
We also have a convolution map J :
. In terms of coordinates, they are described as follows. Let {x 1 , . . . , x n } be a system of coordinates of V . Then a (p, q)-form can be written as
where I, J are subsets of {1, . . . , n}, and ω I,J (x) are smooth functions on U. For such ω, we have
We remind readers from [CLD12, §1.2] the relations
and for a (p, q)-form ω and a (p ′ , q
Now we are going to define a map N :
We first recall the notion of coevaluation map. Let W be an arbitrary finite dimensional R-vector space with W * its dual space. We have a canonical evaluation map
We define the coevaluation map to be the unique linear map coev : R → W ⊗ R W * such that both composite maps
are identity maps. Now we apply the coevaluation map to the vector space W = T V .
Definition 2.1. Let p ≥ 1 be an integer. Define the map
to be the composite map
V , where the second map is given by the coevaluation map for T V , and the last map is given by the contraction map and the wedge product.
For 0 ≤ r ≤ p, we denote by N
In terms of the coordinates {x 1 , . . . , x n } of V , we have for
Lemma 2.2. We have Nd
Proof. Take a (p, q)-form ω as (2.1). We have
On the other hand, we have
The lemma follows.
Proof. By linearity, we may assume that
and
where N ′ denotes the monodromy map for V ′ .
Proof. We may assume that ϕ is a linear map. It suffices to consider cases where ϕ is injective or surjective. Suppose that ϕ is injective. Regard V ′ as a subspace of V . Choose a basis {x 1 , . . . ,
Suppose that ϕ is surjective. Choose a basis {x 1 , . . . , x n ′ } of V ′ such that ker ϕ is spanned by {x n+1 , . . . , x n ′ } (with n ≤ n ′ ). We identify V with the subspace of V ′ spanned by {x 1 , . . . , x n }. Then again we have
The lemma follows. 
on the level of sheaves.
-forms ω such that for every polyhedron C of P , the restriction of ω to C is zero on C ∩ U where C is the affine subset of V spanned by C. It is clear that
. By Lemma 2.4, the monodromy map j −1
. Therefore, we have an induced map
of sheaves for p ≥ 1.
Monodromy maps for real forms on analytic spaces
In this section, we review the construction of (p, q)-forms in [CLD12] , tropical Dolbeault cohomology, and introduce the monodromy map on analytic spaces.
We fix a non-Archimedean field K. Let X be a K-analytic space. Recall that a tropical chart of X is given by a moment map f : X → T to a torus T over K and a compact polyhedral complex P of T trop that contains f trop (X). Here T trop is the tropicalization of T , which is a R-vector space of finite dimension, and
For every open subset U of X, denote by A p,q pre (U) the inductive limit of A p,q P (P ) for all tropical charts (f : U → T, P ) of U. Again by Lemma 2.4, the monodromy maps N P are compatible with transition maps. Therefore, we obtain a map N pre : A p,q
Definition 3.1. For p ≥ 1, we define the monodromy map for forms on X, denoted by
Proof. They are consequences of Lemma 2.5, Lemma 2.2, Lemma 2.3 and Lemma 2.4, respectively.
For a fixed integer p, we have the complex
Definition 3.3 (Dolbeault cohomology, [Liu17] ). Let X be a K-analytic space. We define the Dolbeault cohomology (of forms) to be
The monodromy map in Definition 3.1 is in fact a map of complexes
and thus induces a map
(X) of Dolbeault cohomology when p ≥ 1.
Let O X be the structure sheaf of X. 
Semistable schemes and cohomological monodromy maps
In this section, we introduce some constructions for strictly semistable schemes, and review the (cohomological) monodromy maps coming from the weight spectral sequence.
Let K be a discrete non-Archimedean field, that is, a non-Archimedean field with discrete valuation. Fix a rational prime ℓ that is invertible in K. Denote by K ur ⊂ K a the maximal unramified extension with the residue field K s , which is a separable closure of K.
For a separated scheme X of finite type over K, put
We first recall the following definition (see [Sai03] for example).
Definition 4.1 (Strictly semistable scheme). Let X be a scheme locally of finite presentation over Spec K • . We say that X is strictly semistable if it is Zariski locally smooth over
for some integer p ≥ 0 (which may vary) and a uniformizer ̟ of K.
Let X be a proper strictly semistable scheme over K
is a finite disjoint union of smooth proper subschemes of Y of codimension p over
We say that (V, {g 0 , . . . , g p }) is a semistable chart at y if moreover V ∩ W is either empty or connected for every irreducible component W of Y [r] with r ≥ 0.
We define the pullback map
to be the alternating sum I⊂J,|I|=|J|−1=p+1 ǫ(I, J)i * IJ of the restriction maps, and the pushforward map
to be the alternating sum I⊃J,|I|=|J|+1=p+1 ǫ(J, I)i JI * of the Gysin maps. These maps satisfy the formula
Let us recall the following weight spectral sequence E p,q X attached to X 3 , originally studied in [RZ82] :
Here we will follow the convention and discussion in [Sai03] . When X is fixed, we write E for E X for short. By [Sai03, Corollary 2.8 (2)], we have a map µ : E
1 is an appropriate sum of pullback and pushforward maps. The map µ p,q
is the sum of its restrictions to each direct summand H
, and such restriction is the tensor product map by
, Q ℓ (−i + 1)) does (resp. does not) appear in the target. For integers p, q and r ≥ 0, the map µ induces a map
which depends only on X .
Conjecture 4.4 (Weight-monodromy conjecture). Let X be a proper strictly semistable scheme over K
• . Then for all integers p, r ≥ 0, the map
is an isomorphism.
2 is simply the map 
It is defined as the composition of the restriction map H
in which the composition of the two right vertical maps is just κ 
Monodromy maps for tropical Dolbeault cohomology
In this section, we introduce the conjecture on the isomorphism of tropical Dolbeault cohomology groups under monodromy maps. Then we prove our main results.
Let K be a non-Archimedean field. Let X be a separated scheme of finite type over K. 
Q). (2) Suppose that for every strict semistable alteration X of X (Definition 5.4), the map
We need some preparation before the proof. The case p = 0 is trivial. So we assume p ≥ 1. The following notation will be used later. . We say that a strict semistable alteration X of X (with a morphism φ : ) and the divisor associated to the reduction
′ lk is invertible on V . In other words, |f
It is clear that τ ({g 1 , . . . , g p }) is nonzero as V contains η Z . The lemma then follows.
We denote the rational number in the above lemma by ord ω (Z). The assignment Z → ord ω (Z) gives rise to an element ord 
an η be a point, and put , then |f 
By linear algebra, it is easy to see that we may choose f lk such that ord W j ( f lk ) = 0 if j < k. In particular, the restriction of f lp on W is a nonzero rational function, which we denote by f
. Then there is a unique 
Therefore, we have the equality
From the proof for (1), we know that
for some c α ∈ Q, where the sum is taken over all strictly increasing maps α : {1, . . . , p} → {0, . . . , p + 1}. We take such a map α. Now let α 0 < α 1 be the two integers in {0, . . . , p + 1} not in the image of α. We have three cases:
, where α ′ is the unique map whose image does not include α 0 and min({0, . . . , p + 1} \ {α 0 }).
• 
However, by (4.1), we have
Thus (2) follows.
The map ord in Lemma 5.8 is inspired and closely related to the construction in [Liu17, §4] . The following lemma is the key step to the proof of Theorem 5.5. It also justify the terminology monodromy map for N X in Definition 3.1 and Definition 5.1. 
commutes. Here, the bottom map is the composition of • the multiplication map (−1) 
.4) (which is assumed to be injective), and
• the pullback map φ * : H ṕ et (X a , Q ℓ ) → H ṕ et (X η,a , Q ℓ ).
The image of the bottom map is contained in E
2 is the isomorphism in Lemma 4.6. Therefore by Lemma 3.2 (1), the commutativity of (5.3) is equivalent to that (−1)
Let us recall the construction of Dolbeault representatives. For an abelian sheaf F on X an η and r ≥ 0, denote by C
the abelian group of Čech r-cocycles for F with respect to U. We have a coboundary map
By the Poincaré lemma ([Jel16a, Corollary 4.6]), we have a short exact sequence .
Step
be the moment map given by invertible functions {f
). The image of the tropicalization map f Z,trop : )}. It is easy to see that the point P Z does not depend on the choice of the semistable chart of η Z (and in fact, h
Step 2. Take another irreducible component
In particular, we have r ′ ≤ r and I(Z
be the canonical projection by forgetting components with
commutes, where i Z,Z ′ is the natural inclusion map. It induces, for every q ≥ 0, the following commutative diagram
where ι Z and ι Z ′ are natural maps from the definition of A 0,q X an η . On the other hand, we have a canonical isomorphism
which induces a canonical map
for r ≥ 0, and there is a similarly defined coboundary map δ :
as restriction maps, such that it is compatible with the coboundary map for C
Moreover, since C Z is star-shaped with respect to P Z , we have the star-shape integration map I
for q ≥ 1 (see §6 for a formula on the standard simplex). We put
Step 3.
where x i lk is the standard coordinates on R
We claim that . Note that for every subset I ⊂ I(z) of cardinality r + 1, there is a unique element Z ∈ D r that contains z, which we denote by Z I . For every I as above, put 
where the second map is simply regarding a (0, q)-superform as an ordinary q-form (see §6 for notation concerning ∆). Since h ♭ I is affine and h I (P I ) = P Z I , the following diagram
commutes. Moreover, we have the following commutative diagram
concerning coboundary maps. Here, δ on the left-hand side is (5.7); δ on the right-hand side is defined in §6; and h r is the composition of the projection
(∆) as in Proposition 6.1. By the above discussion, we have β r = h r (δϑ r−1 ) for 1 ≤ r ≤ p, where β r is defined as in Proposition 6.1. In particular, (5.8) (resp. (5.9)) holds when restricted to f Z,trop (U z ) by Proposition 6.1 (1) (resp. (2)). Since z is arbitrary, (5.8) and (5.9) hold, and the lemma follows. for p ≥ 0 is geometrically irreducible. Therefore, (X , φ : X η → X) is a strict semistable alteration of X such that {π 
Lemma 5.10. We have H
Proof. Suppose first K/K 0 is a finite extension. By Lemma 4.7 and resolution of singularity when char k = 0, the map κ p X is injective. Then the corollary follows from Theorem 5.5 and Proposition 4.5 (1).
In general, since X 0 is proper, we have that
where the union is taken over all finite extensions
increases. Therefore, the injectivity of N p X is reduced to the case where K/K 0 is finite. In the case where p = 1, we have the following stronger result over certain nonArchimedean fields. 
By the similar argument in the proof of Corollary 5.11, it suffices to show that We fix such an index i and suppress from notation. In particular, now we have X = X 0 ⊗ K 0 K with K a finite extension of K 0 . Let X be a strict semistable alteration of X with an isomorphism φ : X η ∼ − → X. We identify X with X η . By Lemma 4.6 and Proposition 4.5 (3), the composite map N −1 ) if k < j (resp. k = j, k > j), and C(j, k) is the map C P i 0 • · · · • C P ir with C P i j and C P i k removed. Since
